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dqg khosixo glvfxvvlrqv1 Zh dovr wkdqn vhplqdu sduwlflsdqwv dw wkh Edqn ri Lwdo| dqg dw
Jhrujhwrzq Xqlyhuvlw| +4<<< Vrxwkhdvw Lqwhuqdwlrqdo Hfrqrplfv Frqihuhqfh, iru pdq|
lqvljkwixo vxjjhvwlrqv1 Wklv sdshu grhv qrw qhfhvvdulo| uh hfw wkh ylhzv ri wkh Edqn ri
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Devwudfw
Zh h{soruh wkh uroh ri h{shfwdwlrqv lq vhfrqg jhqhudwlrq fxuuhqf| fulvhv
prghov/ surylqj wkdw vxgghq vkliwv lq vshfxodwruv* ehkdylru fdq wuljjhu fxu0
uhqf| ghydoxdwlrqv/ hyhq zlwkrxw dq| vl}deoh zruvhqlqj ri wkh ixqgdphqwdov1
Rxu prgho vkrzv wkdw vpdoo +phdq0suhvhuylqj, fkdqjhv ri vshfxodwruv* eh0
olhiv pd| gulyh djhqwv wr d xqltxh htxloleulxp zlwk d vhoi0ixooolqj dwwdfn1
Iroorzlqj d uhfhqw olqh ri uhvhdufk/ zh dovr frpsduh wkh uhvxowv ri sulydwh
dqg sxeolf lqirupdwlrq prghov/ qglqj wkh iroorzlqj sdudgr{= uhohdvlqj sxe0
olf lqirupdwlrq vhhpv wr eh pruh frqyhqlhqw zkhq ixqgdphqwdov duh edg1
MHO fodvvlfdwlrq= I64/ G;5/ G;71
Nh|zrugv= Vshfxodwlyh Dwwdfnv/ H{fkdqjh Udwh Fulvhv/ Joredo Jdphv1
54 Lqwurgxfwlrq
Wkh qdqfldo wxuprlo wkdw lqyhvwhg Hdvw Dvldq frxqwulhv lq wkh vxpphu ri
4<<: kdv uhyhdohg wkh olplwv ri wkhruhwlfdo prghov lq h{sodlqlqj dfwxdo fxu0
uhqf| fulvhv hslvrghv1 Dffruglqj wr pdq| dffrxqwv/ wkh hyhqw vxssrvhg wr
eh wkh prvw olnho| fdxvh ri d fulvlv +d ghqlwh zruvhqlqj ri wkh ixqgdphqwdov/
srvvleo| lpsolhg e| dq xqvxvwdlqdeoh vwdqfh ri wkh hfrqrplf srolf|, glg qrw
rffxu/ dw ohdvw lq vrph ri wkh Dvldq hfrqrplhv vwuxfn e| vshfxodwlyh dwwdfnv14
Wkxv/ pdq| hfrqrplvwv eholhyh wkdw rwkhu idfwruv pljkw kdyh d fuxfldo uroh
lq ghwhuplqlqj wkh g|qdplfv ri d fulvlv1
Lq uvw jhqhudwlrq fxuuhqf| fulvhv prghov +IJPv,/ ruljlqdoo| ghyhorshg
e| Nuxjpdq +4<:<, dqg Iorrg dqg Jduehu +4<;7,/ qdqfldo fulvhv iroorz
d ghwhulrudwlrq ri wkh ixqgdphqwdov/ w|slfdoo| gxh wr lqfrqvlvwhqw hfrqrplf
srolflhv1 E| frqwudvw/ vhfrqg jhqhudwlrq prghov +VJPv,/ uvw ghyhorshg e|
Revwihog +4<;9,/ wxuqhg wkh dwwhqwlrq wr wkh frvwv dqg ehqhwv ri wkh {hg
h{fkdqjh udwh srolf|/ vwuhvvlqj wkh lpsruwdqfh ri wkh wudgh0r idfhg e| wkh
jryhuqphqw ehwzhhq ghihqglqj d {hg fxuuhqf| shj dqg rwkhu srolf| wdujhwv15
Lq wkhvh prghov/ d ghydoxdwlrq lv wkh jryhuqphqw*v rswlpdo uhvsrqvh wr wkh
dfwlrqv ri vshfxodwruv dqg fdq wdnh sodfh dv d uhvxow ri vhoi0ixooolqj eholhiv/
zlwkrxw d suhylrxv zruvhqlqj ri wkh ixqgdphqwdov1 Vlqfh vshfxodwlyh dwwdfnv
udlvh wkh frvw ri ghihqglqj d {hg h{fkdqjh udwh/ VJPv pd| h{klelw vhoi0
ixooolqj pxowlsoh htxloleuld16 Lq VJPv wkh vsdfh ri ixqgdphqwdov lv xvxdoo|
glylghg lq wkuhh sduwv= zkhq ixqgdphqwdov duh jrrg/ wkhuh lv d xqltxh
htxloleulxp lq zklfk wkh h{fkdqjh udwh lv pdlqwdlqhg> zkhq ixqgdphqwdov duh
edg/ wkh fxuuhqf| ghsuhfldwhv> zkhq ixqgdphqwdov idoo lq dq lqwhuphgldwh
udqjh +wkh ulsh iru dwwdfn }rqh,/ erwk rxwfrphv duh ihdvleoh1
Lq d uhfhqw sdshu/ Pruulv dqg Vklq +4<<;, vwduwhg d surplvlqj vwudqg ri
dqdo|vlv/ e| ghyhorslqj d VJP zlwk lqfrpsohwh lqirupdwlrq1 Wkh| frqvlghu
vshfxodwruv kdylqj d xqlirup sulru suredelolw| glvwulexwlrq ryhu wkh vwdwh
ri ixqgdphqwdov wkdw lv xsgdwhg dffruglqj wr wkh revhuydwlrq ri d sulydwh
4Fruvhwwl hw do1 +4<<;, dqg Udghohw dqg Vdfkv +4<<;, h{suhvv glhuhqw ylhzv ri wkh
fdxvhv ri wkh Dvldq fulvlv1
5Wdujhwv ri wkh hfrqrplf srolf| wkdw fdq frq lfw zlwk wkh ghihqvh ri d {hg fxuuhqf| shj
lqfoxgh= dfklhylqj d orz ohyho ri xqhpsor|phqw/ vwlpxodwlqj hfrqrplf jurzwk/ uhgxflqj
wkh vfdo exughq/ vxssruwlqj d vrxqg edqnlqj v|vwhp1 Iru dq ryhuylhz/ vhh Revwihog
+4<<9,1
6Iru d glvfxvvlrq derxw wkh vhoi0ixooolqj ihdwxuh ri fxuuhqf| fulvhv/ vhh Revwihog +4<<7,/
Nuxjpdq +4<<9, dqg wkh frpphqwdulhv wkhuhlq1
6vljqdo1 Wkhlu prgho/ dv zhoo dv wkh hduolhvw frpsohwh lqirupdwlrq prghov/
grhv qrw doorz wr h{dplqh wkh uroh ri wkh glvwulexwlrq ri djhqwv* eholhiv derxw
wkh ixqgdphqwdov1 Wklv lvvxh kdv ehhq qhjohfwhg lq wkh olwhudwxuh/ suhvxp0
deo| ehfdxvh rqh frxog wklqn wkdw/ lq dq lqfrpsohwh lqirupdwlrq iudphzrun/
rqo| wkh phdq ri vshfxodwruv suredelolw| dvvhvvphqw ryhu wkh ixqgdphqwdov
pdwwhuv1 Khqfh/ li zh jxuh xqeldvhg djhqwv* h{shfwdwlrqv/ wkh lqfrpsohwh
lqirupdwlrq iudphzrun zrxog qrw hqulfk wkh ehqfkpdun dqdo|vlv dqg zrxog
qrw prgli| wkh vwuxfwxuh ri wkh htxloleuld1 Qhyhuwkhohvv/ djhqwv* eholhiv kdyh
riwhq ehhq sxw iruzdug wr h{sodlq dfwxdo fxuuhqf| fulvhv1 Iru lqvwdqfh/ di0
whu wkh Uxvvldq fulvlv/ pdq| frpphqwdwruv srlqwhg wr dq lqfuhdvh lq djhqwv*
xqfhuwdlqw| dv d srvvleoh h{sodqdwlrq iru wkh wudqvplvvlrq ri wkh vshfxodwlyh
suhvvxuhv wr rwkhu frxqwulhv +hvshfldoo| lq Odwlq Dphulfd, wkdw kdg yhu| olp0
lwhg wudgh olqndjhv zlwk Uxvvld ^vhh dovr LPI +4<<<,`1 \hw/ w|slfdo VJPv gr
qrw h{sodlq zk| xqfhuwdlqw| vkrxog lq xhqfh vshfxodwlyh dwwdfnv1
Lq wklv sdshu zh suhvhqw wzr glhuhqw yduldqwv ri wkh lqfrpsohwh lqiru0
pdwlrq prgho vwxglhg e| Pruulv dqg Vklq +4<<;,1 Rxu uvw VJP doorzv wr
vwxg| wkh uroh sod|hg e| djhqwv* eholhiv derxw wkh ixqgdphqwdov lq d vwdqgdug
fxuuhqf| fulvlv jdph1 E| h{solflwo| lqwurgxflqj wkhvh eholhiv/ zh qg wkdw
wkh phdq ri wkh glvwulexwlrq ryhu wkh ixqgdphqwdov lv qrw wkh vroh uhohydqw
sdudphwhu1 Lq sduwlfxodu/ zh vkrz wkdw phdq0suhvhuylqj fkdqjhv ri vshfxod0
wruv* h{shfwdwlrqv fdq uhvxow lq d vkliw iurp d prgho zlwk pxowlsoh htxloleuld
wr d prgho zlwk d xqltxh dwwdfn htxloleulxp1 Khqfh/ fxuuhqf| fulvhv fdq
eh wuljjhuhg e| vpdoo fkdqjhv lq wkh glvwulexwlrq ri djhqwv* eholhiv/ hyhq
zlwkrxw dq| xqghuo|lqj ghwhulrudwlrq ri wkh ixqgdphqwdov1 Rxu prgho glhuv
iurp Pruulv dqg Vklq*v ehfdxvh lw wdnhv lqwr dffrxqw d jhqhulf sulru sure0
delolw| glvwulexwlrq dqg vwxglhv krz htxloleuld fkdqjh wrjhwkhu zlwk lw1 Wr
irfxv rq wkh hhfwv ri xqfhuwdlqw| ri djhqwv* eholhiv/ zh vlpsoli| wkh prgho
e| qhjohfwlqj sulydwh lqirupdwlrq1
Rxu vwxg| vxssruwv wkh wkhvlv wkdw xqfhuwdlqw| pdwwhuv dqg rhuv dovr
vrph lqwhuhvwlqj lqvljkwv derxw wkh pxowlsoh htxloleuld }rqh ri wkh frpsohwh
lqirupdwlrq jdph1 Zkhq ixqgdphqwdov duh lq wklv uhjlrq dqg djhqwv kdyh
xqeldvhg h{shfwdwlrqv/ zh vkrz wkdw li xqfhuwdlqw| lv vx!flhqwo| odujh/ wkh
lqfrpsohwh lqirupdwlrq prgho kdv d xqltxh htxloleulxp wkdw hqwdlov d vshfx0
odwlyh dwwdfn1 Lq rwkhu zrugv/ wkh jrrg htxloleulxp lq wkh ulsh iru dwwdfn
}rqh lv qrw urexvw wr dq lqfuhdvh lq xqfhuwdlqw|1
Lq wkh vhfrqg VJP suhvhqwhg lq wklv sdshu/ zh dqdo|}h krz sxeolf lq0
irupdwlrq dhfw wkh vwuxfwxuh ri wkh htxloleuld1 Dorqj wkh olqhv ri wkh joredo
jdphv vwxg| ri Fduovvrq dqg ydq Gdpph +4<<6,/ Pruulv dqg Vklq +4<<;,
7suryhg wkdw wkh uhprydo ri wkh k|srwkhvlv ri frpprq nqrzohgjh ri djhqwv* eh0
kdylru/ lpsolflw lq wkhlu sulydwh lqirupdwlrq iudphzrun/ ghwhuplqhv d xqltxh
htxloleulxp1 Khuh/ zh ghyhors d prgho lq zklfk djhqwv revhuyh wkh vdph
sxeolf vljqdo +vr wkdw wkh frpprq nqrzohgjh ri djhqwv* dfwlrqv lv uhvwruhg,/
dqg zh qg wkdw pxowlsoh htxloleuld qr orqjhu glvdsshdu1
Lqwhuhvwlqjo|/ e| frpsdulqj wkh uhvxowv ri sulydwh dqg sxeolf lqirupdwlrq
prghov/ wkh iroorzlqj sdudgr{ hphujhv= surylglqj sxeolf lqirupdwlrq vhhpv
wr eh pruh frqyhqlhqw zkhq ixqgdphqwdov duh edg$ Dq lqvshfwlrq rq wkh uhd0
vrqv ehklqg wklv sdudgr{ surylghv vrph xvhixo lqvljkwv rq wkh olnholkrrg ri wkh
hyhqwv wkdw ghwhuplqh wkh htxloleuld1 Zkhq wkh sulydwh lqirupdwlrq prgho ri
Pruulv dqg Vklq +4<<;, suhglfwv dq htxloleulxp zlwk d fxuuhqf| dwwdfn/ wkh
htxloleulxp zlwk qr dwwdfn lq rxu sxeolf lqirupdwlrq prgho hqylvdjhv dq lp0
sodxvleoh +exw ihdvleoh, vlwxdwlrq lq zklfk vshfxodwruv zdvwh d elj sd|r wkdw
frxog rwkhuzlvh eh rewdlqhg zlwk d vpdoo frruglqdwlrq hruw1 Dqdorjrxvo|/
zkhq wkh sulydwh lqirupdwlrq prgho suhglfwv dq htxloleulxp zlwk qr dwwdfn/
wkh htxloleulxp zlwk d fxuuhqf| dwwdfn lq wkh sxeolf lqirupdwlrq prgho iruh0
vhhv vshfxodwruv jhwwlqj d vpdoo sd|r dqg uhtxluhv yhu| odujh frruglqdwlrq1
Khqfh/ wklv frpsdulvrq kljkoljkwv wkdw wkh htxloleuld uxohg rxw e| wkh sulydwh
lqirupdwlrq prgho wkdw uh0hphujh lq wkh sxeolf lqirupdwlrq iudphzrun vhhp
wr eh kdugo| sodxvleoh1 Wkhuhiruh/ wkh sdudgr{ zduqv wkdw srolf| frqfoxvlrqv
gudzq iurp prghov zlwk pxowlsoh htxloleuld fdq eh plvohdglqj/ hvshfldoo|
zkhq frqvlghudwlrqv rq wkh olnholkrrg ri wkh rxwfrphv duh qhjohfwhg1
Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq eulh | uhylhzv wkh
ehqfkpdun prgho zlwk frpsohwh lqirupdwlrq1 Lq vhfwlrq 6/ zh dqdo|}h d
edvlf lqfrpsohwh lqirupdwlrq iudphzrun zkhuh vshfxodwruv* h{shfwdwlrqv ryhu
wkh ixqgdphqwdov duh glvwulexwhg dffruglqj wr d jhqhulf sulru suredelolw|
glvwulexwlrq dqg zh vwxg| wkh frqvhtxhqfhv ri fkdqjlqj lwv yduldqfh1 Lq
vhfwlrq 7/ zh suhvhqw wkh prgho zlwk sxeolf lqirupdwlrq/ dqg frpsduh rxu
uhvxowv zlwk wkrvh ri Pruulv dqg Vklq1 Vhfwlrq 8 frqfoxghv1
5 Wkh frpsohwh lqirupdwlrq prgho
Lq wklv vhfwlrq/ zh suhvhqw wkh vlpsoh jdph0wkhruhwlf irupxodwlrq ri d VJP
ri frpsohwh lqirupdwlrq sursrvhg e| Pruulv dqg Vklq +4<<;,1 Wklv prgho
surylghv wkh vwdqgdug iudphzrun rq zklfk zh ixuwkhu ghyhors wkh dqdo|vlv
ri fxuuhqf| fulvhv lq wkh iroorzlqj vhfwlrqv1
Ohw xv vxssrvh wkdw wkh hfrqrp| lv fkdudfwhul}hg e| d vwdwh ri ixqgdphq0
8wdov w wkdw fdq wdnh ydoxhv ryhu wkh vhw dfco/ zlwk w 'fruuhvsrqglqj wr d
vlwxdwlrq ri vwurqj ixqgdphqwdov1 Lq wkh devhqfh ri jryhuqphqw lqwhuyhq0
wlrqv/ wkh qdwxudo +ru vkdgrz, h{fkdqjh udwh lv jlyhq e| s Ew/z k h u hslv
d frqwlqxrxv dqg vwulfwo| lqfuhdvlqj ixqfwlrq17 W k hd f w x d oh { f k d q j hu d w hl v
shjjhg e| wkh jryhuqphqw dw d ohyho eW/ zlwk eW  s Ew iru doo w1 D vshfxodwru
fdq hlwkhu dwwdfn wkh fxuuhqf| +h1j1/ e| vkruw0vhoolqj rqh xqlw ri lw ryhu wkh
h{fkdqjh udwh pdunhw,/ ru uhiudlq iurp grlqj vr1 Li vkh dwwdfnv wkh fxuuhqf|
dqg wkh jryhuqphqw dedqgrqv wkh ghihqvh ri wkh shj/ wkh vshfxodwru jhwv wkh
glhuhqfh ehwzhhq wkh suhylrxv shj dqg wkh qdwxudo h{fkdqjh udwh/ iuhh ri
wkh wudqvdfwlrq frvw= eWs Ew|> rq wkh rwkhu kdqg/ li wkh jryhuqphqw vxf0
fhvvixoo| ghihqgv wkh shj/ wkh vshfxodwru hqgv xs zlwk d qhjdwlyh sd|r +wkh
wudqvdfwlrq frvw |,1 Li wkh vshfxodwru uhiudlqv iurp dwwdfnlqj wkh fxuuhqf|/
vkh jhwv f1Z h d v v x p h d o v r w k d w e W s E 	|krogv> qdpho|/ lq wkh ehvw
vwdwh ri ixqgdphqwdov wkh qdwxudo h{fkdqjh udwh lv vx!flhqwo| forvh wr wkh
shjjhg ohyho eW/ vr wkdw wkh surw frplqj iurp d ghsuhfldwlrq lv rxwzhljkhg
e| wkh wudqvdfwlrq frvw |1
Wkh jryhuqphqw ghulyhv d ydoxh :fiurp ghihqglqj wkh shj/ exw kh
dovr idfhv pdqdjhphqw frvwv1 Lq sduwlfxodu/ wkh frvw ri ghihqglqj wkh shj lv
d ixqfwlrq ri wkh vwdwh ri ixqgdphqwdov dqg ri wkh sursruwlrq ri vshfxodwruv
dwwdfnlqj wkh fxuuhqf|1 Zh ghqrwh wklv frvw ixqfwlrq e| S1 Khqfh/ li wkh
jryhuqphqw ghihqgv wkh shj zkhq d sursruwlrq k ri vshfxodwruv dwwdfnv wkh
fxuuhqf| dqg wkh ixqgdphqwdov duh dw wkh ohyho w/k l vs d | r l vSE kcw>l i
kh dedqgrqv wkh shj/ zh dvvxph wkdw klv sd|r lv }hur1 Wkh frvw ixqfwlrq lv
vxssrvhg wr eh frqwlqxrxv/ glhuhqwldeoh/ lqfuhdvlqj lq k dqg ghfuhdvlqj lq w1
Pruhryhu/ wzr k|srwkhvhv duh lqwurgxfhg wr pdnh wkh sureohp hfrqrplfdoo|
lqwhuhvwlqj= SEfcf :dqg SEc : 1 Wkh iruphu lqhtxdolw| vwdwhv wkdw
lq wkh zruvw vwdwh ri ixqgdphqwdov/ wkh frvw ri ghihqglqj wkh shj h{fhhgv wkh
ehqhw frplqj iurp pdlqwdlqlqj lw/ hyhq zkhq qr vshfxodwru dwwdfnv> wkh
odwwhu hvwdeolvkhv wkdw zkhq doo vshfxodwruv dwwdfn wkh fxuuhqf|/ wkh frvw ri
ghihqglqj wkh shj h{fhhgv wkh ydoxh / hyhq lq wkh ehvw vwdwh ri ixqgdphqwdov1
Ohw xv ghqrwh zlwk w wkh ydoxh ri wkh ixqgdphqwdov wkdw vroyhv SEfcw' >
l1h1/ w lv wkh ydoxh ri w dw zklfk/ lq wkh devhqfh ri dq| vshfxodwlyh vhoolqj/ wkh
jryhuqphqw lv lqglhuhqw ehwzhhq ghihqglqj wkh shj dqg ohdylqj lw1 Khqfh/
zkhq w	w / wkh jryhuqphqw qgv lw surwdeoh wr dedqgrq wkh shj hyhq li
qr vshfxodwru dwwdfnv wkh fxuuhqf|1 Vlploduo|/ zh ghqrwh e| 7 w wkh ydoxh wkdw
7Wkh h{fkdqjh udwh lv ghqhg lq whupv ri xqlwv ri iruhljq fxuuhqf| shu xqlw ri qdwlrqdo
fxuuhqf|1
9vroyhv eW  sE7 w  | 'f 1 Zkhqhyhu w:7 w / dowkrxjk vshfxodwruv frxog irufh
wkh jryhuqphqw wr dedqgrq wkh shj/ wkh| zrxog jhw d qhjdwlyh sd|r iurp
vxffhvvixoo| dwwdfnlqj wkh fxuuhqf|1 Dvvxplqj wkdw w  7 w/8 zh fdq wkhuhiruh
fodvvli| wkh vrxqgqhvv ri wkh {hg h{fkdqjh udwh e| uhihuulqj wr wkh vwdwhv ri
ixqgdphqwdov=
 Lq wkh lqwhuydo dfcwixqgdphqwdov duh vxfk wkdw wkh jryhuqphqw*v frvw ri
ghihqglqj wkh shj h{fhhgv wkh ydoxh / hyhq li qr vshfxodwru dwwdfnv1 Khqfh/
lq wklv lqwhuydo wkh shj lv xqvwdeoh vlqfh wkh fxuuhqf| fhuwdlqo| ghsuhfldwhv1
 Lq wkh lqwhuydo dwc7 wo/ li doo vshfxodwruv dwwdfn wkh fxuuhqf|/ wkh jry0
huqphqw*v frvw ri ghihqglqj wkh shj h{fhhgv wkh ydoxh  dqg wkh fxuuhqf|
ghsuhfldwhv> rq wkh rwkhu kdqg/ li qr vshfxodwru dwwdfnv wkh fxuuhqf|/ wkh
jryhuqphqw qgv lw surwdeoh wr krog wkh shj/ dqg qr ghydoxdwlrq rffxuv1
Wklv lqwhuydo lv xvxdoo| uhihuuhg wr dv wkh ulsh iru dwwdfn }rqh/ wr xqghuolqh
wkh srvvlelolw| ri d srvlwlyh jdlq iurp vkruw0vhoolqj1
 Lq wkh lqwhuydo E7 wco wkh qdwxudo h{fkdqjh udwh s Ew lv vx!flhqwo|
forvh wr wkh shjjhg ohyho eW/ vr wkdw dq| surw frplqj iurp wkh ghsuhfldwlrq
ri wkh fxuuhqf| lv rvhw e| wkh wudqvdfwlrq frvw1 Wkhq/ lq wklv lqwhuydo wkh
shj lv vwdeoh dqg qr ghydoxdwlrq rffxuv1
Wkh deryh wulsduwlwlrq ri wkh vwdwh ri ixqgdphqwdov vkrzv wkdw wkhuh duh
wzr }rqhv lq zklfk wkhuh h{lvwv d xqltxh htxloleulxp +dwwdfn2ghydoxh lq wkh
uvw lqwhuydo/ uhiudlq iurp dwwdfnlqj2ghihqg wkh shj lq wkh wklug rqh,/ dqg rqh
lq zklfk wkh jdph ehwzhhq vshfxodwruv dqg wkh jryhuqphqw hqwdlov pxowlsoh
htxloleuld1 Wkhvh pxowlsoh htxloleuld kdyh wkh fkdudfwhulvwlf ri pdnlqj vshf0
xodwruv* h{shfwdwlrqv vhoi0ixooolqj1 Lq idfw/ frqvlghu wkh lqwhuydo dwc7 wo/d q g
vxssrvh wkdw wkh jryhuqphqw ghflghv zkhwkhu wr ghihqg wkh shj diwhu kdylqj
revhuyhg wkh fkrlfhv ri klv rssrqhqwv1 Li hdfk vshfxodwru eholhyhv wkdw wkh
fxuuhqf| zloo ghsuhfldwh/ khu ehvw dfwlrq lv wr dwwdfn wkh shj1 Lq wklv fdvh/
dowkrxjk wkh jryhuqphqw pljkw kdyh vxffhvvixoo| ghihqghg wkh shj zlwk rqo|
d olplwhg dwwdfn/ vshfxodwruv* frruglqdwhg fkrlfh ri dwwdfnlqj irufhv klp wr
ghydoxh/ wkhuhe| ylqglfdwlqj wkhlu eholhiv1 Rq wkh rwkhu kdqg/ li vshfxodwruv
ihho wkdw wkh shj lv jrlqj wr eh pdlqwdlqhg/ wkhlu ehvw dfwlrq lv wr uhiudlq
iurp wkh dwwdfn1 Wklv/ lq wxuq/ doorzv wkh jryhuqphqw*v vxffhvvixo ghihqvh ri
wkh shj/ frquplqj djdlq klv rssrqhqwv* eholhiv1
Wkh prvw lpsruwdqw gudzedfn ri wkh h{lvwhqfh ri pxowlsoh htxloleuld lv
wkdw wkh| gr qrw doorz suhflvh suhglfwlrqv derxw wkh rxwfrph ri wkh jdph1
Wkh vroh dgylvh lv wkdw wkhuh h{lvwv dq lqwhuydo ri wkh ixqgdphqwdov iru zklfk
8Wklv dvvxpswlrq krogv li y lv odujh dqg w lv vpdoo1
:dq dwwdfn lv srvvleoh/ exw rqh fdqqrw vd| zkhwkhu ru zkhq wkh dwwdfn zloo
kdsshq1 Ehvlghv/ wkh wzr htxloleuld lq wkh ulsh iru dwwdfn }rqh +h{fhsw iru
wkh vroh ydoxh 7 w, duh dv|pphwulf= vshfxodwruv fdq jdlq d srvlwlyh sd|r e|
dwwdfnlqj wkh fxuuhqf|/ zkloh wkh| jhw mxvw d qxoo sd|r e| uhiudlqlqj iurp
wkh dwwdfn1
Qh{w wzr vhfwlrqv surylgh vrph h{whqvlrqv wr wklv vwdqgdug prgho e|
dqdo|}lqj frqwh{wv lq zklfk vshfxodwruv duh xqfhuwdlq derxw wkh wuxh w1
6 Lqfrpsohwh lqirupdwlrq= wkh uroh ri djhqwv*
h{shfwdwlrqv
Lq wklv vhfwlrq zh dvvxph wkdw vshfxodwruv gr qrw nqrz wkh wuxh vwdwh ri ixq0
gdphqwdov/ exw rqo| kdyh h{shfwdwlrqv derxw lw/ lq wkh irup ri d suredelolw|
glvwulexwlrq ryhu ^3/4`1 Zh dovr dvvxph wkdw wklv glvwulexwlrq lv frpprq
nqrzohgjh/ wkdw lv devroxwho| frqwlqxrxv zlwk ixoo vxssruw ryhu ^3/4`/ dqg
zh ghqrwh e| # lwv suredelolw| ghqvlw| ixqfwlrq1 Vxfk d prglfdwlrq ri wkh
ruljlqdo iudphzrun doorzv d ehwwhu xqghuvwdqglqj ri wkh uroh ri h{shfwdwlrqv
lq vhfrqg jhqhudwlrq fxuuhqf| fulvhv prghov1
Vlqfh w lv qrw nqrzq zkhq djhqwv fkrrvh wkhlu dfwlrqv/ wkhuh fdqqrw eh
pxowlsoh htxloleuld lq wkh vhqvh ri d frpsohwh lqirupdwlrq prgho +l1h1 iru d
jlyhq ydoxh ri w,1 Khqfh/ zh fdq dvn zkhwkhu wkhuh duh pxowlsoh htxloleuld iru
d jlyhq s1g1 # ryhu ^3/4`1 Lw lv d vlpsoh wdvn wr yhuli| wkdw pxowlsoh htxloleuld
duh vwloo srvvleoh>9 qhyhuwkhohvv/ e| lqtxlulqj wkh frqglwlrqv wkdw pxvw eh
ixooohg e| # lq rughu wr kdyh d prgho zlwk pxowlsoh htxloleuld/ zh fdq jhw
vrph lpsruwdqw lqvljkwv rq wkh hhfwv ri vshfxodwruv* h{shfwdwlrqv1
Wkh jryhuqphqw/ zkr nqrzv wkh vwdwh ri ixqgdphqwdov w/w d n h vk l vg h f l 0
vlrq derxw wkh ghihqvh ri wkh shj diwhu vshfxodwruv* kdyh pdgh wkhlu fkrlfhv1
Khqfh/ kh zloo xvh d ghflvlrq uxoh  Ekcw vxfk wkdw=:
Ekcw'
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9Iru lqvwdqfh/ li  kdv vxssruw rqo| ryhu wkh vxevhw +>,/ djhqwv nqrz iru vxuh wkdw 
lv lq wkh lqwhuydo zlwk pxowlsoh htxloleuld dqg fdq frruglqdwh hlwkhu rq wkh cjrrg* +uhiudlq
iurp dwwdfn, ru rq wkh cedg* +dwwdfn, htxloleulxp1
:Zh dvvxph wkdw wkh jryhuqphqw fkrrvhv wr dedqgrq wkh shj zkhq kh lv lqglhuhqw1
;Lq sduwlfxodu/  Ecw',e@e iru dq| w lq ^3/4` dqg Efcw'_ese?_ iru dq|
w lq Ewco1
Ohw xv ghwhuplqh wkh h{shfwhg sd|r ri d jhqhulf vshfxodwru1 Lw lv hqrxjk
wr yhuli| wkdw=
 li d vshfxodwru  uhiudlqv iurp dwwdfnlqj/ vkh jhwv f zkdwhyhu wkh rwkhuv
gr>
 li d vshfxodwru  dwwdfnv zkloh doo rwkhu djhqwv dwwdfn/ khu h{shfwhg












vlqfh/ iru dq| ohyho ri w/ dq dwwdfn e| doo vshfxodwruv lqgxfhv wkh jryhuqphqw
wr ohdyh wkh ghihqvh ri wkh shj>
 li d vshfxodwru  dwwdfnv zkloh doo rwkhu djhqwv uhiudlq iurp dwwdfnlqj/








vlqfh lq wkh lqwhuydo dfcwowkh jryhuqphqw ohdyhv wkh ghihqvh ri wkh shj/ zkloh
rq Ewco wkh shj lv pdlqwdlqhg1
Ohw xv ghqrwh wkh lqwhjudo +4, zlwk E@￿c@ 3￿/ dqg wkh h{suhvvlrq +5, zlwk
E@￿c? 3￿1 Wkh vwudwhj| suroh lq zklfk doo djhqwv dwwdfn wkh fxuuhqf| lv
dq htxloleulxp l E@￿c@ 3￿  f> wkh vwudwhj| suroh lq zklfk doo djhqwv
uhiudlq iurp dwwdfnlqj lv dq htxloleulxp l E@￿c? 3￿f1 Ohw dovr R eh wkh
suredelolw| wkdw wkh vwdwh ri ixqgdphqwdov lv qrw odujhu wkdq w1 Zh fdq uhihu
wr R dv wkh suredelolw| ri dq xqirufhg fxuuhqf| ghsuhfldwlrq/ ehfdxvh wkh
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<Lw lv hdv| wr vkrz wkdw/ ehlqj E@￿c@ 3￿E@ ￿c? 3￿/ ; vshfxodwruv* fkrlfhv
ri dwwdfnlqj wkh fxuuhqf| duh vwudwhjlf frpsohphqwv1 Khqfh/ qrwlqj wkdw erwk
E@￿c@ 3￿fdqg E@￿c? 3￿ffdq krog iru wkh vdph #/ rqh fdq glvwlqjxlvk
wkuhh vlwxdwlrqv=
 li E@￿c@ 3￿ : f dqg E@￿c? 3￿ : f wkhuh lv rqo| rqh htxloleulxp= doo
vshfxodwruv dwwdfn wkh fxuuhqf| dqg wkh jryhuqphqw dedqgrqv wkh shj>
 li E@￿c@ 3￿ 	 f dqg E@￿c? 3￿ 	 f wkhuh lv rqo| rqh htxloleulxp= doo
vshfxodwruv uhiudlq iurp dwwdfnlqj wkh fxuuhqf|/ zkloh wkh jryhuqphqw hlwkhu
dedqgrqv ru pdlqwdlqv wkh shj/ ghshqglqj rq w w ru w: w >
li E@￿c@ 3￿fdqg E@￿c? 3￿fwkhuh duh pxowlsoh htxloleuld= djhqwv
fdq hlwkhu dwwdfn wkh fxuuhqf| +dqg irufh d ghydoxdwlrq, ru uhiudlq iurp grlqj
vr +vr wkdw wkh shj lv pdlqwdlqhg/ surylghg wkdw w: w ,1
Zh zdqw wr irfxv rq wkh vlwxdwlrq zlwk pxowlsoh htxloleuld1 Diwhu vrph





















Ohw xv ghqrwh wkh deryh lqwhuydo zlwk .  de￿ce 2o1 Zh fdq yhuli| wkdw wkh
frqglwlrq eW 5 . lv d uhdvrqdeoh uhtxluhphqw iru pxowlsoh htxloleuld1 Zkhq
wkh ohyho ri wkh shj eW lv odujh +l1h1 eW :e 2,/ vshfxodwruv h{shfw d odujh jdlq
iurp d vxffhvvixo dwwdfn> khqfh/ wkh vwudwhj| suroh zkhuh djhqwv uhiudlq iurp
wkh dwwdfn lv uxohg rxw dqg wkh xqltxh htxloleulxp ri wkh prgho lv wkh rqh
wkdw |lhogv d pdvvlyh vshfxodwlyh dwwdfn1 Rq wkh rwkhu kdqg/ li eW lv vpdoo
+eW 	e ￿,/ vshfxodwruv h{shfw d qhjdwlyh sd|r iurp d vxffhvvixo dwwdfn dqg
wkh xqltxh htxloleulxp ri wkh prgho suhglfwv wkdw vshfxodwruv gr qrw dwwdfn
wkh fxuuhqf|1 Iru lqwhuphgldwh ohyhov ri eW/ erwk rxwfrphv duh htxloleuld
ri wkh jdph1
Zh fdq jhw d vlpsoh qhfhvvdu| frqglwlrq iru pxowlsoh htxloleuld/ e| uh0
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lv dozd|v vdwlvhg1
43Wklv frqglwlrq fdq eh xvhg wr vkrz wkdw vpdoo prglfdwlrqv ri djhqwv*
h{shfwdwlrqv fdq kdyh euhdnlqj frqvhtxhqfhv rq wkh h{fkdqjh udwh dqg pdnh
wkh htxloleulxp zlwk d vhoi0ixooolqj vshfxodwlyh dwwdfn wkh xqltxh ihdvleoh
rxwfrph1 Ohw xv dvvxph wkdw # lv vxfk wkdw R  r dqg eW 5 ./v rw k d w
wklv vshflfdwlrq ri wkh sdudphwhuv hqwdlov pxowlsoh htxloleuld1 Frqvlghu dq
hfrqrp| fkdudfwhul}hg e| wkrvh sdudphwhu ohyhov dqg zkhuh vshfxodwruv fr0
ruglqdwh rq d jrrg htxloleulxp/ vr wkdw wkh jryhuqphqw fdq pdlqwdlq wkh
shj1 Vxssrvh wkdw vshfxodwruv* h{shfwdwlrqv vxgghqo| fkdqjh iurp # wr d













m h X  w
l
dqg | uhpdlq frqvwdqw1< Zlwk wkh qhz suredelolw| glv0
wulexwlrq #￿ ryhu dfco/ wkhuh fdqqrw eh pxowlsoh htxloleuld dqg wkh xqltxh
htxloleulxp ri wkh jdph lv wkh rqh zkhuh doo vshfxodwruv dwwdfn wkh fxuuhqf|/
iruflqj d ghydoxdwlrq143 Wklv vkrxog qrw eh vxusulvlqj vlqfh dq lqfuhdvh lq
R phdqv wkdw wkh vshfxodwruv* h{shfwdwlrq ri dq xqirufhg ghydoxdwlrq ri
wkh fxuuhqf| lqfuhdvhv1 Krzhyhu/ wkh fkdqjh lq vshfxodwruv* eholhiv grhv qrw
qhfhvvdulo| lpso| d jhqhudol}hg zruvhqlqj ri wkh h{shfwdwlrqv ryhu wkh ixq0
gdphqwdov/ ehfdxvh dq lqfuhdvh lq R fdq rffxu zlwk #￿ suhvhuylqj wkh vdph
phdq dv #1 Wklv srlqw fdq eh fodulhg e| frqvlghulqj wkh iroorzlqj vlpsoh
glvfuhwh h{dpsoh1
Dvvxph wkdw ixqgdphqwdov fdq wdnh rqo| wkuhh ydoxhv= w 5i w ￿ cw 2cw ￿j
zlwk w￿ 	w 2	w ￿1 Zh vxssrvh dovr wkdw wkh sdudphwhuv duh vxfk wkdw= zkhq
w ' w￿ wkh jryhuqphqw ghydoxhv wkh fxuuhqf| hyhq li qr vshfxodwru dwwdfnv>
zkhq w ' w2 wkhuh duh pxowlsoh htxloleuld> zkhq w ' w￿ qr vshfxodwru dwwdfnv
wkh fxuuhqf| dqg wkh shj fdq eh pdlqwdlqhg1 Vshflfdoo|/ zh qhhg wr dvvxph=
eW  sEw￿  |	f c
e WsE w 2|:f c
S Efcw ￿	fc
SEfcw 2:f
<Iru lqvwdqfh/ rqh fdq vlpso| vxssrvh wkdw wkh qhz s1g1 3 lv vxfk wkdw= 3 +,@+,
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grhv qrw fkdqjh,/ dqg A4lv elj hqrxjk wr







frxuvh/ lqqlwh rwkhu fkrlfhv duh dovr ihdvleoh1
43Zh fdq lqihu wkdw wkh dwwdfn htxloleulxp lv wkh rqh wkdw vxuylyhv/ e| fkhfnlqj wkdw
x+dl>d ￿l,  3 vwloo krogv1 Wkhuhiruh/ wklv prglfdwlrq ri wkh sdudphwhuv +lq sduwlfxodu/
wkh lqfuhdvh lq s,p d n h vx + d l>q ￿l,A31
44Ohw xv nhhs wkh v|pero # wr ghqrwh wkh suredelolw| glvwulexwlrq ryhu wkh
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 1 Wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv wr dfklhyh dq htxloleulxp zlwk
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Frqvlghu dq hfrqrp| fkdudfwhul}hg e| sdudphwhu ohyhov vxfk wkdw wkh
lqhtxdolwlhv +7,/ +8, dqg +9, krog dqg zkhuh djhqwv frruglqdwh wkhlu fkrlfhv vr
wkdw wkh| uhiudlq iurp dwwdfnlqj +jrrg htxloleulxp,1 Vpdoo prglfdwlrqv ri
wkh sdudphwhuv fdq lqgxfh d xqltxh htxloleulxp zlwk d fxuuhqf| ghydoxdwlrq1
Lq idfw/ li vshfxodwruv xsgdwh wkhlu h{shfwdwlrqv wr d s1g1 #￿ z l w kdk l j k h u
suredelolw| ri dq xqirufhg ghydoxdwlrq ri wkh fxuuhqf| +vr wkdw +8, dqg
+9, qr orqjhu krog,/ wkh| wuljjhu wkh dwwdfn wkdw irufhv wkh jryhuqphqw wr
dedqgrq wkh shj1 Qrwdeo|/ wkh xsgdwhg s1g1 #￿ fdq suhvhuyh wkh vdph phdq
dv #1 Lqghhg/ wkhuh duh lqqlwh s1g1 wkdw pdlqwdlq wkh vdph phdq dv # dqg
k d y hde l j j h uR = doo ri wkhp duh fkdudfwhul}hg e| dq lqfuhdvh lq wkh yduldqfh
ri wkh vshfxodwruv* h{shfwdwlrq ryhu wkh ixqgdphqwdov1 Lq idfw/ lq rughu wr
nhhs wkh phdq frqvwdqw/ R dqg ^ pxvw erwk lqfuhdvh1 Khqfh/ lq wklv vlpsoh
h{dpsoh/ wkh fxuuhqf| dwwdfn lv wuljjhuhg e| wkh jurzwk ri wkh xqfhuwdlqw|
rq wkh vwdwh ri ixqgdphqwdov144
Ilqdoo|/ ohw xv frph edfn wr wkh jhqhudo fdvh dqg vxssrvh wkdw # lv dq
xqeldvhg s1g1 +l1h1 wkh djhqwv* h{shfwhg ohyho ri w frlqflghv zlwk wkh wuxh vwdwh
44Wkh dvvhuwlrq frqfhuqlqj wkh xqfhuwdlqw| derxw wkh ixqgdphqwdov fdqqrw eh hdvlo|
jhqhudol}hg wr pruh frpsoh{ h{dpsohv1 Lq wkh jhqhudo fdvh/ wkh pdlq phdq0suhvhuylqj
prglfdwlrq ri djhqwv* eholhiv wkdw fdq lqgxfh d xqltxh vshfxodwlyh dwwdfn lv wkh lqfuhdvh
lq s1
45ri ixqgdphqwdov,1 Lw lv hdv| wr yhuli| wkdw/ zkhq s lv olqhdu/ wkh frqglwlrq
w  w lv qhfhvvdu| dqg vx!flhqw wr kdyh dq htxloleulxp zlwk d vshfxodwlyh
dwwdfn1 Khqfh/ vxssrvh wkdw w lv lq wkh ulsh iru dwwdfn }rqh +vr wkdw w  w,/
li R lv vx!flhqwo| kljk/ wkh vwudwhj| suroh zlwk qr dwwdfn fdq eh uxohg rxw/
dqg wkh rqo| ihdvleoh rxwfrph wxuqv rxw wr eh wkh htxloleulxp wkdw hqwdlov
d ghydoxdwlrq ri wkh fxuuhqf|1 Wkhuhiruh/ hyhq zkhq ixqgdphqwdov duh lq
d }rqh wkdw/ zlwk frpsohwh lqirupdwlrq/ zrxog jhqhudwh pxowlsoh htxloleuld
+dqg/ wkxv/ zkhuh djhqwv frxog uhiudlq iurp dwwdfnlqj wkh fxuuhqf|/ doorzlqj
wkh shj wr eh pdlqwdlqhg,/ lq wkh lqfrpsohwh lqirupdwlrq fdvh wkhuh pljkw
eh d xqltxh htxloleulxp zlwk d vshfxodwlyh dwwdfn/ ghshqglqj rq krz elj lv
wkh vshfxodwruv* suredelolw| dvvhvvphqw ri dq xqirufhg ghydoxdwlrq145
Wklv uhvxow kljkoljkwv wkh zhdnqhvv ri dq hfrqrp| zkrvh ixqgdphqwdov duh
vxfk wkdw wkh fxuuhqf| lv ulsh iru dwwdfn1 Zkhq wkh ixqgdphqwdov duh lq wkh
ulsh iru dwwdfn }rqh/ wkh hfrqrp| lv frqvlghuhg wr eh yxoqhudeoh wr d fxuuhqf|
dwwdfn ehfdxvh vshfxodwruv fdq wuljjhu d fulvlv/ exw wklv rxwfrph grhv qrw
qhfhvvdulo| rffxuv1 Wkh lqfrpsohwh lqirupdwlrq prgho vkrzv/ lqvwhdg/ wkdw
vxfk dq hfrqrp| fdq eh dv iudjloh dv lw lv lq wkh xqvwdeoh }rqh/ ehfdxvh
iru vrph +xqeldvhg, vshfxodwruv* h{shfwdwlrqv wkhuh lv d xqltxh htxloleulxp
zlwk dq dwwdfn wkdw irufhv d ghydoxdwlrq1
7 Sxeolf dqg sulydwh lqirupdwlrq
Pruulv dqg Vklq +4<<;, kdyh ghyhorshg d glhuhqw lqfrpsohwh lqirupdwlrq
yhuvlrq ri wkh vlpsoh prgho rxwolqhg lq vhfwlrq 51 Lq d iudphzrun zkhuh
djhqwv gr qrw nqrz wkh wuxh vwdwh ri ixqgdphqwdov dqg rqo| kdyh lpshuihfw
sulydwh lqirupdwlrq/ wkh| vkrz wkdw wkhuh h{lvwv d xqltxh htxloleulxp iru hdfk
vwdwh ri ixqgdphqwdov1 Wkhlu prgho kljkoljkwv wkh lpsruwdqfh ri wkh uhprydo
ri wkh frpprq nqrzohgjh k|srwkhvlv iru wkh dfklhyhphqw ri wkh odwwhu uhvxow1
Lq idfw/ dorqj wkh olqhv ri Fduovvrq dqg ydq Gdpph +4<<6,/ wkh xqltxhqhvv
ri wkh htxloleulxp lv qrw wkh frqvhtxhqfh ri wkh xqfhuwdlqw| rq wkh vwdwh ri
ixqgdphqwdov shu vh> udwkhu/ lw iroorzv iurp hdfk djhqw*v xqfhuwdlqw| rq wkh
45Shukdsv/ wkh iroorzlqj uhpdun lv hyhq pruh zruu|lqj= li i lv frqfdyh/ d qhfhvvdu| dqg
vx!flhqw frqglwlrq iru dq htxloleulxp zlwk d vshfxodwlyh dwwdfn lv   e / iru vrph e A
  1 Khqfh/ zlwk lqfrpsohwh lqirupdwlrq/ yluwxdoo| dq| vwdwh ri ixqgdphqwdov frxog jlyh
ulvh wr d vshfxodwlyh dwwdfn1 Pruhryhu/ wklv uhvxow grhv qrw ghshqg rq wkh suhvxphg ulvn0
surshqvlw| ri vshfxodwruv +vlqfh i lv qrw dq xwlolw| ixqfwlrq,/ exw rqo| rq wkh fkdudfwhulvwlfv
ri wkh hfrqrp|1
46rwkhu sod|huv* dfwlrqv/ gxh wr wkh lpsrvvlelolw| ri suhflvho| hvwdeolvklqj wkh
lqirupdwlrq uhfhlyhg e| wkhp1 Lq rwkhu zrugv/ wkh xqltxhqhvv ri wkh htxloleuld
lv qrw surgxfhg e| wkh uhprydo ri wkh k|srwkhvlv ri frpprq nqrzohgjh ri wkh
ixqgdphqwdov/ exw lw iroorzv iurp wkh uhprydo ri wkh k|srwkhvlv ri frpprq
nqrzohgjh ri hdfk sod|hu*v dfwlrq/ wkdw lv lpsolflw lq d sulydwh lqirupdwlrq
iudphzrun1
Lq wklv vhfwlrq zh frpsduh Pruulv dqg Vklq*v uhvxowv zlwk wkrvh wkdw zh
dfklhyh lq d prgho zlwk sxeolf lqirupdwlrq> l1h1 lq d prgho lq zklfk wkhuh
lv frpprq nqrzohgjh ri wkh lqirupdwlrq dydlodeoh wr hdfk sod|hu/ vlqfh lq0
irupdwlrq lv jlyhq e| dq lpshuihfw sxeolf vljqdo1 Khqfh/ lq wklv prgho/ zh
uhvwruh wkh k|srwkhvlv ri frpprq nqrzohgjh ri djhqwv* dfwlrqv +ehfdxvh vshf0
xodwruv* vwudwhjlhv duh jlyhq lq dq| htxloleulxp,/ dqg zh pdlqwdlq wkh odfn ri
frpprq nqrzohgjh ri ixqgdphqwdov1 Frkhuhqwo| zlwk Pruulv dqg Vklq/ zh
qg wkdw wkh prgho kdv pxowlsoh htxloleuld/ dowkrxjk wklv kdsshqv lq d }rqh
wkdw pljkw voljkwo| glhu iurp wkh ulsh iru dwwdfn }rqh ri wkh frpsohwh
lqirupdwlrq prgho1 Pruhryhu/ frpsdulqj wkh wzr glhuhqw lqfrpsohwh lqiru0
pdwlrq iudphzrunv/ zh qg wkh iroorzlqj lqwhuhvwlqj sdudgr{= wkh glxvlrq
ri sxeolf lqirupdwlrq fdq eh pruh frqyhqlhqw zkhq ixqgdphqwdov duh edg$
Ohw xv eulh | uhfdoo wkh sulydwh lqirupdwlrq prgho1 Zlwk uhvshfw wr wkh
iudphzrun suhvhqwhg lq wkh suhylrxv vhfwlrq/ Pruulv dqg Vklq frqvlghu d
vshflf sulru suredelolw| glvwulexwlrq #/ jlyhq e| wkh xqlirup s1g1i1 ryhu
dfco1 Wkh| dovr dvvxph wkdw hdfk djhqw l revhuyhv d vljqdo %￿ xqlirupo| dqg
lqghshqghqwo| +frqglwlrqdo wr w, gudzq iurp wkh lqwhuydo dw  "cw n "o/z k h u h
"lv d vpdoo srvlwlyh qxpehu146
Wkxv/ wkh jdph lv vwuxfwxuhg dv iroorzv= d, Qdwxuh fkrrvhv wkh vwdwh ri
ixqgdphqwdov dffruglqj wr d xqlirup s1g1i1 ryhu dfco> e, vshfxodwruv revhuyh
wkhlu vljqdo %￿ dqg ghflgh vlpxowdqhrxvo| zkhwkhu wr dwwdfn wkh fxuuhqf| ru
wr uhiudlq iurp wkh dwwdfn> f, wkh jryhuqphqw/ zkr nqrzv wkh wuxh ydoxh ri
w/ revhuyhv wkh vkduh ri vshfxodwruv dwwdfnlqj wkh fxuuhqf|/ dqg wkhq ghflghv
zkhwkhu wr ghihqg wkh shj ru wr ohdyh wkh ghihqvh ri wkh h{fkdqjh udwh/
doorzlqj d ghydoxdwlrq ri wkh fxuuhqf| wr lwv qdwxudo ohyho s Ew1
Zlwklq wklv iudphzrun/ lw lv srvvleoh wr suryh wkh iroorzlqj wkhruhp=
Wkhruhp 4 +Pruulv dqg Vklq/ 4<<;,= Wkhuh lv d xqltxh ohyho
w
W ri wkh ixqgdphqwdov vxfk wkdw/ lq dq| htxloleulxp ri wkh jdph
46Khlqhpdqq dqg Loolqj +4<<<, surylgh d jhqhudol}dwlrq ri Pruulv dqg Vklq*v iudphzrun1
Wkhlu prgho vkrzv wkdw wkh xqltxhqhvv ri wkh htxloleulxp krogv dovr zlwk pruh jhqhudo
suredelolw| glvwulexwlrqv1
47zlwk lpshuihfw sulydwh lqirupdwlrq/ wkh jryhuqphqw dedqgrqv wkh
fxuuhqf| shj l w  w
W1
Wkh uhdvrq zk| pxowlsoh htxloleuld duh uxohg rxw fdq eh h{sodlqhg e|
frqvlghulqj glhuhqw rughuv ri nqrzohgjh1 Iru wkh vdnh ri vlpsolflw|/ ohw xv
vxssrvh wkdw hdfk djhqw uhiudlqv iurp dwwdfnlqj wkh fxuuhqf| l vkh lv vxuh
wkdw w lv qrw lq dfcwo dqg vkh lv vxuh wkdw doo wkh rwkhu djhqwv dovr uhiudlq
iurp wkh dwwdfn1 Ri frxuvh/ wklv ehkdylru lv qrw rswlpdo vlqfh lq wkh ruljlqdo
sureohp djhqwv fdq gr ehwwhu e| wu|lqj wr suhflvho| hydoxdwh zkhuh lv w dqg
wr hvwlpdwh lq ghwdlo krz pdq| sod|huv dwwdfn wkh fxuuhqf|1 D sod|hu lv
vxuh wkdw w lv qrw lq dfcwo/ rqo| li vkh uhfhlyhv d phvvdjh %￿  wn"1 Khqfh/ li
djhqwv gr qrw frqvlghu wkh rwkhu sod|huv* ehkdylru/ wkh| zloo fkrrvh dffruglqj
w rdu x o h- ￿wkdw whoov wkhp wr dwwdfn rqo| li %￿ 	wn" 1 Exw li dq djhqw
dvvxphv wkdw wkh rwkhuv duh ghflglqj dffruglqj wr -￿/ vkh zloo eh vxuh wkdw
doo wkh rwkhuv duh uhiudlqlqj iurp wkh dwwdfn rqo| zkhq vkh uhfhlyhv d phvvdjh
%￿ 	wn " / ehfdxvh khu phvvdjh pd| glhu e| qr pruh wkdq 2" iurp rwkhu
djhqwv* phvvdjhv1 Khqfh/ li vkh zdqwv wr uhiudlq iurp wkh dwwdfn rqo| zkhq
vkh lv vxuh wkdw dovr doo wkh rwkhu sod|huv duh qrw dwwdfnlqj/ vkh zloo xvh d
ghflvlrq uxoh -2 wkdw whoov khu wr dwwdfn rqo| li %￿ 	wn " 1 Krzhyhu/ djdlq/
li dq djhqw wklqnv wkdw wkh rwkhuv duh ghflglqj dffruglqj wr -2/ vkh zloo kdyh
wr xvh d ghflvlrq uxoh -￿ wkdw whoov khu wr dwwdfn rqo| li %￿ 	wnD " 1E |
lwhudwlqj wklv dujxphqw/ rqh uhdol}hv wkdw lw lv qhyhu frpprq nqrzohgjh wkdw
w lv lq d }rqh zkhuh djhqwv vxuho| uhiudlq iurp wkh dwwdfn1
Wr jhw d glhuhqw lqwxlwlrq iru wkh uhvxow/ frqvlghu wkdw/ iru vpdoo ydoxhv
ri " dqg iru vrph w lq wkh ulsh iru dwwdfn* }rqh/ hdfk sod|hu fdq eh vxuh wkdw
w lv hhfwlyho| lq wkh ulsh iru dwwdfn }rqh dqg fdq dovr eh vxuh wkdw khu
rssrqhqwv nqrz wkdw w lv lq wkdw }rqh1 Krzhyhu/ lw lv qrw frpprq nqrzo0
hgjh wkdw w lv lq wkh ulsh iru dwwdfn }rqh |hw1 Dv Fduovvrq dqg ydq Gdpph
+4<<6, sxw lw/  wkhuh lv d vkdus vhsdudwlrq ehwzhhq nqrzohgjh dqg frpprq
nqrzohgjh dqg wklv suhyhqwv wkh vwulfw htxloleuld ri wkh frpsohwh lqirupd0
wlrq jdph wr eh erwk htxloleuld dovr lq wkh jdph zlwk sulydwh lqirupdwlrq147
Lq idfw/ iru dq| ihdvleoh phvvdjh wkh odfn ri frpprq nqrzohgjh irufhv vshf0
xodwruv wr frpsduh wkh srwhqwldo jdlqv dqg orvvhv wkdw iroorz wkh fkrlfh ri
47Wkh h{lvwhqfh ri d vkdus glhuhqfh ehwzhhq frpprq nqrzohgjh dqg nqrzohgjh +ru/
pruh suhflvho|/ ehwzhhq frpprq nqrzohgjh dqg doprvw frpprq nqrzohgjh, zdv qrwlfhg
dovr e| Uxelqvwhlq +4<;<,/ lq klv idprxv hohfwurqlf pdlo jdph1
48dwwdfnlqj1 Khqfh/ vshfxodwruv zloo kdyh wr vroyh wkhlu ghflvlrq sureohp iru
wkh rswlpdo vzlwfklqj srlqw/ wkhuhe| ghwhuplqlqj d xqltxh htxloleulxp1
Zh qrz frqvlghu d prgho zkhuh dq| djhqw uhfhlyhv wkh vdph sxeolf phv0
vdjh %/ wkdw zh dvvxph wr eh xqlirupo| gudzq iurp wkh lqwhuydo dw  Bcw nBo1
Wklv k|srwkhvlv pdlqwdlqv wkh xqfhuwdlqw| ryhu w dqg uhvwruhv wkh frpprq
nqrzohgjh ri vshfxodwruv* dfwlrqv1 Zh fdq suryh wkh iroorzlqj wkhruhp=
Wkhruhp 5=O h we hB
 7 w  w

* e/ wkhuh h{lvwv d vxevhw  
E6￿c6 2odfco/ zlwk 6￿ 5 Ewcwn2Bdqg 62 5 Ew 2Bcwn2B/
vxfk wkdw/ li w 5 / wkh jdph zlwk lpshuihfw sxeolf lqirupdwlrq
kdv pxowlsoh htxloleuld1
Wkh surri ri wkh wkhruhp vkrzv wkdw wkh h{lvwhqfh ri pxowlsoh htxloleuld
lv hqwluho| edvhg rq wkh dvvxpswlrq ri frpprq nqrzohgjh ri wkh sod|huv* df0
wlrqv1 Zh surylgh khuh d vnhwfk ri wkh surri/ dqg zh ghihu wkh prvw whfkqlfdo
sduw wr wkh Dsshqgl{1
Iluvw ri doo/ zh ghwhuplqh wkh rswlpdo vwudwhj| ri wkh jryhuqphqw dw wkh
odvw vwdjh ri wkh jdph1 Wkhq/ zh exlog wzr glhuhqw htxloleuld dqg yhuli|
wkdw wkhuh h{lvw ydoxhv ri wkh ixqgdphqwdov iru zklfk wkh| erwk krog1
Ohw q Ew eh wkh vpdoohvw vkduh ri vshfxodwruv wkdw/ e| dwwdfnlqj/ lqgxfh
wkh jryhuqphqw wr ohdyh wkh ghihqvh ri wkh shj1 Ri frxuvh/ q Ew'firu
w 5 dfcwodqg q lv vxfk wkdw SEqcw 'firu w 5 Ewco1 Rqh fdq hdvlo| qg
wkdw= l, q  f>l l ,qlv d frqwlqxrxv ixqfwlrq ri w> lll, q
￿ : f1
Wkhq/ wkh jryhuqphqw fkrrvhv dffruglqj wr wkh iroorzlqj rswlpdo uxoh=
Ekcw'

,e@e/l ikq E w 
_ese?_/l ik	q E w  / iru dq| w 5 dfco1
Jlyhq wkh rswlpdo vwudwhj| ri wkh jryhuqphqw/ zh fdq vroyh wkh uhgxfhg0
irup jdph sod|hg e| wkh vshfxodwruv1 Uhfdoo wkdw d vwudwhj| iru d vshfxodwru
lv d ixqfwlrq ) Gd f co $i @||@S&c_J ?J| @||@S&j1 Ghshqglqj rq wkh sxeolf
phvvdjh revhuyhg/ zh fdq vlqjoh rxw wkuhh fdvhv=





doo wkh djhqwv nqrz wkdw w 5 Ewc7 w >




Zh duh jrlqj wr exlog wzr glhuhqw htxloleuld1 Lq wkh uvw htxloleulxp
+., doo djhqwv xvh d vwudwhj| ).￿ vxfk wkdw ).￿ E%'@||@S& li %  w  B/
49).￿ E%'_J ?J| @||@S& li %  w n B/d q g) . ￿E % kdv wr eh ghwhuplqhg iru
% 5 Ew  BcwnB1 Lq wkh vhfrqg htxloleulxp +.2, doo djhqwv xvh d vwudwhj|
).2 vxfk wkdw ).2 E%'@||@S& li %  7 w  B/ ).2 E%'_J ?J| @||@S& li % 





Lw lv hdv| wr yhuli| wkdw qr vshfxodwru kdv lqfhqwlyh wr ghyldwh iurp ).￿
zkhq doo wkh rwkhuv duh iroorzlqj wkh vdph vwudwhj|/ iru wkh ydoxhv ri ).￿ wkdw
zh kdyh vshflhg1 Wkh vdph dssolhv wr ).21 Wkh ghwhuplqdwlrq ri ).￿E%





qlfdo dqg wkh surri lv suhvhqwhg vhsdudwho| lq wkh Dsshqgl{1 Krzhyhu/ wkh
lqwxlwlrq lv vwudljkwiruzdug1 Lq wkh uvw htxloleulxp wkh xwlolw| iurp dwwdfn0
lqj zkhq % ' w  B lv vwulfwo| srvlwlyh/ zkloh lw lv vwulfwo| qhjdwlyh zkhq
% ' w nB1 Lq wkh Dsshqgl{ zh vkrz wkdw wkhuh lv d xqltxh phvvdjh %￿ wkdw/
zkhq uhfhlyhg/ pdnhv wkh xwlolw| iurp dwwdfnlqj htxdov wr }hur1 Dqdorjrxvo|/
lq wkh vhfrqg htxloleulxp/ wkh xwlolw| iurp dwwdfnlqj lv vwulfwo| srvlwlyh zkhq
% ' 7 w  B/ lw lv vwulfwo| qhjdwlyh zkhq % ' 7 w n B/ dqg zh suryh lq wkh Ds0
shqgl{ wkdw wkhuh lv d xqltxh phvvdjh %2 vxfk wkdw wkh xwlolw| iurp dwwdfnlqj
htxdov wr }hur1 Wkh wzr vljqdov %￿ dqg %2 duh wkh wzr vzlwfklqj srlqw ri wkh
djhqwv* rswlpdo fxw0r vwudwhjlhv1 Iurp %￿ zh jhw wkh xqltxh ohyho ri wkh
ixqgdphqwdov/ wkdw zh fdoo 6￿/ vxfk wkdw lq wkh htxloleulxp . wkh fxuuhqf|
ghsuhfldwhv l w  6￿1 Vlploduo|/ iurp %2 zh jhw wkh xqltxh ohyho ri wkh
ixqgdphqwdov/ wkdw zh fdoo 62/ vxfk wkdw lq wkh htxloleulxp .2 wkh fxuuhqf|
ghsuhfldwhv l w  621 Khqfh/ zh qg dq lqwhuydo  5 E6￿c6 2ozkhuh wkh
fxuuhqf| lv pdlqwdlqhg ru qrw/ ghshqglqj rq djhqwv frruglqdwlqj rq . ru
.21
Wkh uhvxowv dfklhyhg zlwk wkh sxeolf lqirupdwlrq prgho fohduo| vkrz wkdw
wkh h{lvwhqfh ri d pxowlsoh htxloleuld }rqh lv qrw fdxvhg e| wkh k|srwkhvlv
ri frpprq nqrzohgjh ri wkh ixqgdphqwdov/ exw lw lv gxh wr wkh k|srwkhvlv
ri frpprq nqrzohgjh ri wkh sod|huv* dfwlrqv1 Lq idfw/ iurp wkh rqh kdqg
zh kdyh suryhg wkdw wkh uhod{dwlrq ri wkh iruphu k|srwkhvlv dorqh lv qrw
vx!flhqw wr jhw ulg ri wkh }rqh lq zklfk wkhuh h{lvw pruh wkdq rqh htxlole0
ulxp1 Rq wkh rwkhu kdqg/ wkh uhlqwurgxfwlrq ri wkh frpprq nqrzohgjh ri
wkh djhqwv* dfwlrqv/ vwloo pdlqwdlqlqj wkh xqfhuwdlqw| derxw wkh wuxh vwdwh
ri wkh ixqgdphqwdo/ lv wkh fdxvh ri wkh uh0hphujlqj ri d pxowlsoh htxloleuld
iudphzrun1
Zh fdq qdoo| frpsduh wkh uhvxowv ri wkh sulydwh dqg wkh sxeolf lqirupd0
wlrq prgho1 E| dq lqvshfwlrq ri wkh judsklfdo dujxphqw sursrvhg e| Pruulv
dqg Vklq/ rqh uhdol}hv wkdw/ lq jhqhudo/ lw lv w
W 5 Ewc7 w n2 "  1 Krzhyhu/ lw
lv hdv| wr { sdudphwhu ydoxhv iru zklfk w
W 5 ?|eoJoE1 Wkh suhylrxv
4:prghov kdyh vkrzq wkdw li wkh wuxh vwdwh ri ixqgdphqwdov lv lq E6￿cw
Wdqg
djhqwv rqo| kdyh sulydwh lqirupdwlrq/ wkh| zloo wuljjhu d vshfxodwlyh dwwdfn
wkdw irufhv d fxuuhqf| ghydoxdwlrq1 Lqvwhdg/ iru wkh vdph ohyhov ri w/l id j h q w v
rqo| kdyh sxeolf lqirupdwlrq/ wkhuh lv d krsh wkdw wkh fxuuhqf| zloo qrw
ghsuhfldwh ehfdxvh djhqwv frxog frruglqdwh rq wkh jrrg htxloleulxp zlwk
qr dwwdfn148 Qrz vxssrvh wkdw w lv lq Ew
Wc6 2o> li djhqwv rqo| kdyh sulydwh
lqirupdwlrq wkhuh zloo eh qr vshfxodwlyh dwwdfn/ zkloh li djhqwv rqo| kdyh
sxeolf lqirupdwlrq wkhuh frxog eh d vshfxodwlyh dwwdfn +ehfdxvh djhqwv fdq
frruglqdwh rq wkh edg htxloleulxp,1 Wklv jhqhudwhv wkh iroorzlqj sdudgr{=
surylglqj sxeolf lqirupdwlrq vhhpv wr eh pruh frqyhqlhqw zkhq ixqgdphq0
wdov duh udwkhu edg +l1h1 lq E6￿cw
Wo, wkdq zkhq ixqgdphqwdov duh udwkhu







Wkh sdudgr{ fdq eh h{sodlqhg e| d suhflvh frpsdulvrq ri wkh sulydwh dqg
wkh sxeolf lqirupdwlrq prgho/ frqvlghulqj wkh dprxqw ri frruglqdwlrq uh0
txluhg wr dfklhyh wkh kljkhu sd|r htxloleulxp dqg wkh vl}h ri wklv sd|r1
Wklv frpsdulvrq vkhgv oljkw rq wkh olnholkrrg ri wkh rxwfrphv lq wkh fdvh ri
48Wklv krogv dovr li djhqwv kdyh erwk sulydwh dqg sxeolf lqirupdwlrq/ dv orqj dv  lv
pxfk vpdoohu wkhq %1 H1j1/ rqh fdq wklqn ri uhohdvlqj sxeolf lqirupdwlrq zlwk  @3 1
49Lq jhqhudo/ zh frxog dovr vd| wkdw surylglqj sxeolf lqirupdwlrq vhhpv wr eh pruh
frqyhqlhqw zkhq ixqgdphqwdov duh cedg* +l1h1 zkhq ?
￿ , wkdq zkhq ixqgdphqwdov duh
cjrrg* +l1h1 zkhq A
￿,1 Lq idfw/ li 
￿  p4 +
￿ Ap 5, surylglqj sxeolf lqirupdwlrq grhv
qrw pdnh dq| glhuhqfh vlqfh wkh shj lv dedqgrqhg +pdlqwdlqhg, dq|zd|1 Qrwh dovr wkdw
wkh sdudgr{ h{lvwv dv orqj dv 
￿ 5 lqwhulru+P,1L qi d f w /l i
￿@p 5+ 
￿@p 4 ,/ surylglqj
sxeolf lqirupdwlrq lv dozd|v +qhyhu, frqyhqlhqw1
4;pxowlsoh htxloleuld1 Lq wkh pxowlsoh htxloleuld uhjlrq/ wkh htxloleulxp zlwk d
frruglqdwhg fxuuhqf| dwwdfn dozd|v |lhogv wkh kljkhvw sd|r iru vshfxodwruv1
Khqfh/ lq rughu wr frpsduh glhuhqw htxloleuld iru wkh vdph vwdwh ri ixqgd0
phqwdov/ zh fdq frqvlghu wkh dprxqw ri frruglqdwlrq uhtxluhg wr dfklhyh
wkh kljkhvw sd|r dqg wkh vl}h ri wklv sd|r1
Zkhq ixqgdphqwdov duh jrrg/ vshfxodwruv kroglqj rqo| sulydwh lqirupd0
wlrq gr qrw dwwdfn wkh fxuuhqf| ehfdxvh wkhlu h{shfwhg jdlq iurp d vxffhvvixo
dwwdfn lv orz/ wkh dprxqw ri frruglqdwlrq uhtxluhg wr jhw wkdw sd|r lv
kljk +wkh vkduh ri dwwdfnhuv wkdw irufhv wkh jryhuqphqw wr dedqgrq wkh
shj lv kljk, dqg wklv pdnhv wkhlu h{shfwhg sd|r vpdoohu wkdq }hur1 Wkh
dydlodelolw| ri sxeolf lqirupdwlrq/ holplqdwlqj wkh xqfhuwdlqw| rq wkh rwkhuv/
rhuv vshfxodwruv wkh rssruwxqlw| wr frruglqdwh rq wkh edg htxloleulxp dqg
wr jhw dovr wkdw vpdoo srvlwlyh sd|r1 Krzhyhu/ lw grhv qrw vhhp yhu| olnho|
wkdw vshfxodwruv vxffhhg lq dfklhylqj d kljk dprxqw ri frruglqdwlrq wr jhw
mxvw d orz sd|r1
Rq wkh rwkhu kdqg/ zkhq ixqgdphqwdov duh udwkhu edg/ vshfxodwruv*
sd|r iurp d vxffhvvixo dwwdfn jurzv dqg wkh frruglqdwlrq hruw uhtxluhg
wr dfklhyh wkdw sd|r ghfuhdvhv1 Khqfh/ vshfxodwruv kroglqj rqo| sulydwh
lqirupdwlrq dwwdfn wkh fxuuhqf| ehfdxvh/ jlyhq wkdw d vpdoo frruglqdwlrq
hruw lv vx!flhqw wr jhw d kljk sd|r/ wkh| wklqn lw lv olnho| wkdw dovr wkh
rwkhuv dwwdfn1 Zlwk sxeolf lqirupdwlrq/ lqvwhdg/ wkh| frxog uhiudlq iurp
wkh dwwdfn1 Krzhyhu/ wklv hyhqw grhv qrw vhhp wr eh yhu| olnho|/ ehfdxvh lw
iruhvhhv vshfxodwruv zdvwlqj d elj sd|r wkdw frxog eh hdvlo| dfklhyhg14:
Wklv uhvxow fdq eh dovr frpsduhg wr wkh frpsdudwlyh vwdwlfv h{huflvh lq
Khlqhpdqq dqg Loolqj +4<<<,1 Exloglqj rq Pruulv dqg Vklq*v sulydwh lqiru0
pdwlrq prgho/ Khlqhpdqq dqg Loolqj vkrz wkdw d ghfuhdvh lq 0 pdnhv w
W wr
ghfuhdvh1 Dffruglqj wr wkh dxwkruv/ wkh jryhuqphqw frxog uhgxfh 0 e| frp0
plwwlqj wr d pruh wudqvsduhqw hfrqrplf srolf|1 Khqfh/ wkhlu uhvxow vwdwhv
wkdw dq lqfuhdvhg wudqvsduhqf| ri jryhuqphqw*v srolf| uhgxfhv wkh olnholkrrg
ri d fxuuhqf| dwwdfn1 Zlwk uhvshfw wr rxu prgho/ wklv qglqj lpsolhv wkdw
zkhq jryhuqphqw*v hfrqrplf srolf| lv wudqvsduhqw/ wkh uhjlrq E6￿cw
W/ zkhuh
lw lv frqyhqlhqw iru wkh srolf|0pdnhu wr uhohdvh sxeolf lqirupdwlrq/ ehfrphv
vpdoohu1 Wkxv/ frpplwwlqj wr d pruh wudqvsduhqw hfrqrplf srolf| vhhpv wr
uhgxfh wkh ehqhw iurp d vwudwhjlf xvh ri sxeolf lqirupdwlrq1
Dq lqwhuhvwlqj h{whqvlrq ri wkh suhvhqw vwxg| zrxog eh d pruh ghwdlohg
4:Qrwh wkdw d vlplodu frpsdulvrq fdq eh pdgh dovr ehwzhhq wkh uhvxowv ri frpsohwh dqg
sulydwh lqirupdwlrq prghov1
4<h{dplqdwlrq ri wkh vwudwhjlf xvh ri sxeolf lqirupdwlrq1 Wklv dqdo|vlv vkrxog
wdnh lqwr dffrxqw wkh srvvlelolw| wkdw wkh jryhuqphqw qgv lw surwdeoh wr
uhohdvh glvwruw lqirupdwlrq/ dqg lw lv srwhqwldoo| frpsolfdwhg e| wkh suhvhqfh
ri pxowlsoh htxloleuld +wkdw uh0hphujh dv 0 jrhv wr }hur ru dv rqh h{solflwo|
frqvlghuv suhflvh sxeolf lqirupdwlrq dv lq rxu prgho,1 Wkh h{sorudwlrq ri
wklv lvvxh lv eh|rqg wkh vfrsh ri wkh suhvhqw sdshu1 Krzhyhu/ lw frxog eh dq
lpsruwdqw ghyhorsphqw ri wkh VJPv wkdw frxog dovr surylgh wkh fruuhfw wkhr0
uhwlfdo wrro iru wkh hydoxdwlrq ri wkh ehqhwv iurp wkh dgkhuhqfh wr surjudpv
olnh wkh Vshfldo Gdwd Glvvhplqdwlrq Vwdqgdug ri wkh Lqwhuqdwlrqdo Prqhwdu|
Ixqg ^vhh LPI+4<<<,`1
8 Frqfoxvlrq
Wkh jdph0wkhruhwlf dssurdfk ri VJPv kdv suryhq wr eh dq lpsruwdqw olqh
ri uhvhdufk iru wkh lqyhvwljdwlrq ri wkh uroh ri vshfxodwruv* h{shfwdwlrqv dqg
lqirupdwlrq lq wkh rqvhw ri d fxuuhqf| fulvlv1 D surplvlqj vwudqg ri dqdo0
|vlv lv rhuhg e| wkh vwxg| ri joredo jdphv/ lqlwldwhg e| Fduovvrq dqg ydq
Gdpph +4<<6,/ dssolhg wr vshfxodwlyh dwwdfnv e| Ixndr +4<<7,/ dqg wr vhf0
rqg jhqhudwlrq fxuuhqf| fulvhv prghov e| Pruulv dqg Vklq +4<<;,1 Rq wkh
wkhruhwlfdo jurxqg/ joredo jdphv vkrz wkh lpsruwdqfh ri wkh k|srwkhvlv ri
frpprq nqrzohgjh ri djhqwv* dfwlrqv iru wkh uhvxow ri pxowlsoh htxloleuld dqg
jlyh dovr vrph lqvljkwv derxw wkh olnholkrrg ri wkh htxloleuld ri frpsohwh dqg
sxeolf lqirupdwlrq jdphv1
Wkh uhvxowv dfklhyhg lq wkh sdshu duh frqvlvwhqw zlwk wklv wkhru|1 Lq
idfw/ zlwk sxeolf lqirupdwlrq/ wkh uhlqwurgxfwlrq ri wkh frpprq nqrzohgjh
ri djhqwv* dfwlrqv +vwloo pdlqwdlqlqj vrph xqfhuwdlqw| ryhu wkh vwdwhv ri ixq0
gdphqwdov,/ ohdgv xv wr ghwhuplqh wkh h{lvwhqfh ri d pxowlsoh htxloleuld }rqh1
Pruhryhu/ wkh frpsdulvrq ehwzhhq wkh uhvxowv ri wkh sxeolf dqg wkh sulydwh
lqirupdwlrq prghov kljkoljkwv dq lqwhuhvwlqj sdudgr{= wkh jryhuqphqw kdv
pruh frqyhqlhqfh lq surylglqj sxeolf lqirupdwlrq zkhq ixqgdphqwdov duh
edg wkdq zkhq ixqgdphqwdov duh jrrg$ Krzhyhu/ rqh uhdol}hv wkdw wklv
rffxuv ehfdxvh wkh htxloleuld ri wkh sxeolf lqirupdwlrq prgho wkdw duh holpl0
qdwhg lq wkh sulydwh lqirupdwlrq jdph uho| rq wkh rffxuuhqfh ri lpsodxvleoh
hyhqwv= h1j1/ jhwwlqj d vpdoo sd|r zlwk d odujh dprxqw ri frruglqdwlrq ru
jlylqj xs d elj sd|r wkdw frxog kdyh ehhq dfklhyhg zlwk d vpdoo dprxqw ri
frruglqdwlrq1
Rxu h{dpsoh vkrzv wkdw lw lv hdv| wr gudz ghfhswlyh frqfoxvlrqv iurp
53prghov zlwk pxowlsoh htxloleuld/ hvshfldoo| zkhq dq| frqvlghudwlrq derxw
wkh olnholkrrg ri wkh rxwfrphv lv qhjohfwhg1 Khqfh/ wkh sdudgr{ fdoov iru
vrph htxloleulxp vhohfwlrq surfhgxuh vlqfh zlwk pxowlsoh htxloleuld qrw rqo|
jdph wkhru| fdq eh d zhdn dqg xqlqirupdwlyh wkhru| ^Kduvdq| dqg Vhowhq
+4<;;,` exw lw fdq dovr fdq ohdg wr zurqj srolflhv1 Joredo jdphv/ wkdw ohdg wr
d xqltxh htxloleulxp lq d zlgh fodvv ri prghov/ fdq eh d yhu| srzhuixo wrro
lq wklv shuvshfwlyh1
E| irfxvlqj rq vshfxodwruv* h{shfwdwlrqv/ zh dovr suryh wkdw phdq0suhvhuylqj
fkdqjhv ri vshfxodwruv* suredelolw| dvvhvvphqwv ryhu wkh vwdwh ri ixqgdphq0
wdov pd| eh vx!flhqw wr gulyh djhqwv wr d xqltxh edg htxloleulxp zlwk d
vhoi0ixooolqj fxuuhqf| dwwdfn1 Khqfh/ wkh prgho vxjjhvwv dq h{sodqdwlrq iru
vxgghq vkliwv lq vshfxodwruv* ehkdylru wkdw wuljjhu fxuuhqf| ghydoxdwlrqv dqg
wkdw gr qrw vhhp wr eh mxvwlhg e| wkh ixqgdphqwdov ri wkh hfrqrp|1 Lq idfw/
prglfdwlrqv ri djhqwv* eholhiv wkdw lqgxfh vshfxodwlyh dwwdfnv fdq rffxu hyhq
zlwkrxw d zruvhqlqj ri wkh h{shfwhg vwdwh ri ixqgdphqwdov1 Pruhryhu/ wkh
prgho kljkoljkwv wkdw d fulvlv fdq eh wuljjhuhg e| dq lqfuhdvh ri wkh xqfhu0
wdlqw| ryhu wkh vwdwh ri wkh ixqgdphqwdov +phdvxuhg/ vd|/ e| wkh yduldqfh ri
wkh glvwulexwlrq, ru/ lq jhqhudo/ e| dq lqfuhdvh ri wkh vxemhfwlyh suredelolw|
ri dq xqirufhg fxuuhqf| ghydoxdwlrq1
Ilqdoo|/ e| dvvxplqj xqeldvhg sod|huv* eholhiv/ zh suryh wkdw d phdq0
suhvhuylqj fkdqjh ri h{shfwdwlrqv wkdw lqgxfhv d vkliw wr d xqltxh htxloleulxp
zlwk d fxuuhqf| fulvlv pd| rffxu zkhq wkh wuxh vwdwh ri ixqgdphqwdov lv lq
wkh ulsh iru dwwdfn }rqh1 Wkhuhiruh/ wkh prgho vkrzv wkdw dq hfrqrp|
zkrvh ixqgdphqwdov duh lq wkdw }rqh lv qrw urexvw wr fkdqjhv lq djhqwv*
eholhiv gxh/ vd|/ wr dq lqfuhdvh lq wkh xqfhuwdlqw|1 Qrwh wkdw vxfk dq hfrqrp|
zrxog eh frqvlghuhg yxoqhudeoh wr d fxuuhqf| dwwdfn lq d frpsohwh lqirupdwlrq
prgho ehfdxvh vshfxodwruv fdq wuljjhu d fulvlv/ exw wklv rxwfrph pljkw qrw
rffxu1 Wkh vxjjhvwlrq frplqj iurp rxu lqfrpsohwh lqirupdwlrq prgho lv/
lqvwhdg/ wkdw vxfk dq hfrqrp| vkrxog eh uhjdughg dv iudjloh dv lw lv lq wkh
xqvwdeoh }rqh ehfdxvh iru vrph xqeldvhg djhqwv* h{shfwdwlrqv wkhuh fdq eh
d xqltxh edg htxloleulxp zlwk d vshfxodwlyh dwwdfn dqg d ghydoxdwlrq ri
wkh fxuuhqf|1
D Dsshqgl{
Wkh surri ri Wkhruhp 5 fdq eh frpsohwhg e| xvlqj orfdoo|  l1h1 ryhu wkh




 wkh phwkrg dssolhg e| Pruulv dqg
54Vklq lq wkhlu sulydwh lqirupdwlrq prgho1 Krzhyhu/ rxu surri fdq eh vlpsolhg
vlqfh zh duh qrw lqwhuhvwhg lq surylqj wkh xqltxhqhvv ri wkh glhuhqw htxloleuld
iru hdfk vwdwh ri ixqgdphqwdov1 Pruhryhu/ wkh sxeolf lqirupdwlrq iudphzrun
doorzv wr holplqdwh dq| dpeljxlw| lq djhqwv* eholhiv= zkhq djhqwv xvh wkh
vdph ghflvlrq uxoh/ vlqfh wkh| uhfhlyh h{dfwo| wkh vdph sxeolf phvvdjh %/
wkh| fkrrvh dovr wkh vdph dfwlrqv1 Khqfh/ wkhlu eholhiv derxw wkh vkduh ri
dwwdfnhuv lv dozd|v hlwkhu 3 ru 4 dqg/ lq htxloleulxp/ lw frlqflghv zlwk djhqwv*
dfwxdo ehkdylru14; Wkh surri lv lq yh vwhsv dqg pdnhv xvh ri d ohppd wkdw
zh suryh vhsdudwho| lq wkh irxuwk vwhs1
41 Eholhiv
Iru d jlyhq vwudwhj| suroh ri vshfxodwruv/ ohw ZE% eh wkhlu eholhi derxw
wkh vkduh ri dwwdfnhuv zkhq wkh sxeolf phvvdjh lv %1 Wklv eholhi lv wr eh
ghwhuplqhg lq htxloleulxp dqg pxvw eh frqvlvwhqw zlwk vshfxodwruv* htxlole0
ulxp vwudwhjlhv1 Jlyhq w/ wkh dfwxdo vkduh ri dwwdfnhuv ghshqgv rq Z +ehfdxvh
ri wkh frqvlvwhqf| frqglwlrq, dqg rq wkh vwrfkdvwlf uhdol}dwlrq %1 Khqfh/ ohw
kEwcZ eh wkh h{shfwhg vkduh ri dwwdfnhuv jlyhq w dqg Z1 Vlqfh phvvdjhv duh
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51 H{shfwhg sd|r
Ohw eh EZ'i wGk E wcZ  qEwj>z k h qw5E Z  / djhqwv h{shfw wkdw
wkh fxuuhqf| zloo eh ghsuhfldwhg1 Khqfh/ wkh sd|r ri dq djhqw wkdw dwwdfnv
zkhq wkh vwdwh ri ixqgdphqwdov lv w dqg khu eholhi lv Z/ fdq eh zulwwhq dv=
@EwcZ'

e WsE w | /
 |c
li w 5 EZ
li w* 5 E Z 
1
4;Lq d sulydwh lqirupdwlrq prgho/ djhqwv* dfwxdo fkrlfhv fdq eh glyhuvh/ ehfdxvh wkh| fdq
uhfhlyh glhuhqw phvvdjhv1 Krzhyhu/ Pruulv dqg Vklq dvvxph wkdw djhqwv* eholhiv derxw
wkh djjuhjdwh vhoolqj vwudwhj| duh dozd|v 3 ru 4/ hyhq li/ lq htxloleulxp/ wkh dfwxdo vkduh
fdq eh lqvlgh wkdw lqwhuydo1
55Krzhyhu/ zkhq djhqwv ghflgh/ wkh| gr qrw nqrz w dqg wkh| rqo| revhuyh
wkh sxeolf phvvdjh %1 Khqfh/ wkh h{shfwhg sd|r iurp dwwdfnlqj wkh fxuuhqf|
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Vshfxodwruv* h{shfwhg sd|r iurp qrw dwwdfnlqj wkh fxuuhqf|/ lqvwhdg/ lv
dozd|v jlyhq e| ?E%cZ'f 1
61 Vwudwhjlhv
Ohw xv frqvlghu d v|pphwulf htxloleulxp +doo vshfxodwruv xvh wkh vdph
vwudwhj|,1 Vlqfh vshfxodwruv uhfhlyh wkh vdph sxeolf phvvdjh/ lq htxloleulxp
zh kdyh ZE%'f/ @E %cZ  f dqg ZE%'/ @E %cZ : f14< Zh dovr







li %  &
1
Wkhvh vwudwhjlhv lpso| wkdw wkh eholhi ixqfwlrq lv dq lqglfdwru ixqfwlrq=





li %  & 1
Zh qrz pdnh xvh ri d ohppd ghprqvwudwhg e| Pruulv dqg Vklq +4<<;,1
Iru hdvh ri wkh uhdghu/ lq wkh iroorzlqj vwhs zh uhsruw wkh ohppd dqg lwv
surri +fruuhfwhg iru d plqru lpshuihfwlrq,/ zlwk d qrwdwlrq frqvlvwhqw zlwk
wkh suhylrxv vwhsv
4<Zh duh dvvxplqj wkdw vshfxodwruv fkrrvh wr uhiudlq iurp dwwdfnlqj zkhqhyhu wkh| duh
lqglhuhqw1
53Lq wkh jhqhudo iudphzrun ri joredo jdphv/ Fduovvrq dqg ydq Gdpph +4<<6, suryh wkdw
d fxw0r uxoh lv wkh xqltxh rswlpdo vwudwhj|1
5671 Ohppd= Wkh ixqfwlrq @ E&cU& lv vwulfwo| ghfuhdvlqj dqg frqwlqxrxv
lq n1
Frqvlghu wkh ixqfwlrq kEwcU&/ wkdw uhsuhvhqwv wkh h{shfwhg vkduh ri dw0
wdfnhuv zkhq ixqgdphqwdov duh dw ohyho w dqg vshfxodwruv* eholhi lv U&1 Vlqfh
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li w  &  B
li &  B	w&nB
li w	&nB
1
Jlyhq &/ ohw xv ghqh bE& dv wkh plqlpxp ydoxh ri b vxfk wkdw wkh
iroorzlqj uhodwlrq krogv=
kE& n bcU&'q E &nb   +D4,
Uhfdoo wkdw zkhq k  q wkh fxuuhqf| ghsuhfldwhv1 Revhuyh wkdw bE&'B







' qE& n bE& +D5,
Vlqfh wkh jryhuqphqw dedqgrqv wkh shj rqo| li w olhv lq wkh lqwhuydo dfc&nbE&o/
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54Qrwh wkdw li n     wkhuh lv d xqltxh ydoxh ri  vxfk wkdw +D4, krogv> wklv lv qrw
wuxh li n? 1 Wkxv/ khuh zh ghsduw iurp Pruulv dqg Vklq*v ghqlwlrqv dqg pdnh wkh
surri pruh dffxudwh1 Lq sduwlfxodu/ zh ghqh +n, dv  wkh plqlpxp ydoxh ri  vxfk wkdw
+D4, krogv/ vr wkdw zh fdq ghdo zlwk d ixqfwlrq dqg qrw zlwk d fruuhvsrqghqfh1
55Lw lv lqglhuhqw wr wdnh wkh plqlpxp ru/ vd|/ wkh pd{lpxp ri  vxfk wkdw +D4, krogv/
vlqfh ehwzhhq wkrvh ydoxhv zh kdyh i+,@h ￿1 Wkhuhiruh/ d glhuhqw ghqlwlrq iru  zrxog
qrw prgli| wkh ydoxh ri wkh lqwhjudo +D6,1
57E| k|srwkhvlv/ eW  s Ew lv vwulfwo| ghfuhdvlqj lq w1 Wkhuhiruh/ wr suryh
wkdw @ E&cU& lv vwulfwo| ghfuhdvlqj lq & lw lv hqrxjk wr vkrz wkdw bE& lv qrq
lqfuhdvlqj1
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1
Khqfh/ lw lv b
￿ E&  f/ zklfk lv vx!flhqw wr suryh wkh vwulfw prqrwrqlflw|
ri @1 Ilqdoo|/ wkh frqwlqxlw| iroorzv iurp wkh idfw wkdw @ lv dq lqwhjudo lq
zklfk wkh olplwv ri lqwhjudwlrq duh wkhpvhoyhv frqwlqxrxv lq &1
81 Htxloleulxp
Zh fdq qdoo| wxuq wr wkh wzr htxloleuld . dqg .2 ghqhg lq vhfwlrq
71 Frqvlghu wkh htxloleulxp . zkhuh djhqwv dwwdfn li w  w  B dqg gr qrw
dwwdfn li w  wnB1 Ri frxuvh/ zh kdyh= @EwBcUw3B : fdqg @EwnBcUwnB 	
f1 Khqfh/ iurp wkh ohppd/ lw iroorzv wkdw wkhuh h{lvwv d xqltxh ydoxh %￿ 5







li %  %￿
1
Zlwk d vlpsoh judsklf dujxphqw lw lv hdv| wr vkrz wkdw wkhuh lv d xqltxh
ydoxh ri wkh ixqgdphqwdov 6￿ 5 Ewcwn2 Bvxfk wkdw/ li w  6￿ wkh fxuuhqf|
ghsuhfldwhv/ dqg li w:6 ￿wkh shj lv pdlqwdlqhg1
Dqdorjrxvo|/ lq wkh htxloleulxp .2 zkhuh djhqwv dwwdfn li w  wB dqg gr
qrw dwwdfn li w  wnB/v l q f h @E wBcUw3B : f dqg @EwnBcUwnB 	 f/ iurp
wkh ohppd iroorzv wkdw wkhuh h{lvwv d xqltxh ydoxh %2 5

w  Bcw nB

vxfk
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1
Khqfh/ zh lqihu wkdw wkhuh lv d xqltxh ydoxh ri wkh ixqgdphqwdov 62 5
Ew  2Bcwn2 Bvxfk wkdw/ li w  62 wkh fxuuhqf| ghsuhfldwhv/ dqg li w:6 2
wkh shj lv pdlqwdlqhg1
Wkxv/ zh kdyh irxqg dq lqwhuydo   E6￿c6 2o zkhuh wkh fxuuhqf| lv
pdlqwdlqhg ru qrw ghshqglqj rq djhqwv frruglqdwlqj rq . ru .21 Wkh
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58Uhihuhqfhv
^4` Fduovvrq K1 dqg H1 ydq Gdpph +4<<6,/ Joredo Jdphv dqg Htxloleulxp
Vhohfwlrq/ Hfrqrphwulfd/ Yro194/ ss1<;<0434;1
^5` Fruvhwwl J1/ S1 Shvhqwl/ dqg Q1 Urxelql +4<<;,/ Zkdw Fdxvhg wkh Dvldq
Ilqdqfldo FulvlvB/ QEHU Zrunlqj Sdshu Qr1 9;661
^6` Iorrg U1S1 dqg S1 Jduehu +4<;7,/ Froodsvlqj H{fkdqjh0Udwh Uhjlphv=
Vrph Olqhdu H{dpsohv/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ Yro14:/
ss140461
^7` Ixndr N1 +4<<7,/ Frruglqdwlrq Idloxuhv xqghu Lqfrpsohwh Lqirupdwlrq
dqg Joredo Jdphv/ Wkh Lqvwlwxwh ri Hfrqrplf Uhvhdufk/ Klwrwvxedvkl
Xqlyhuvlw|/ Glvfxvvlrq Sdshu Vhulhv D/ Qr15<<1
^8` Kduvdq| M1F1 dqg U1 Vhowhq +4<;;,/ D Jhqhudo Wkhru| ri Htxloleulxp
Vhohfwlrq lq Jdphv/ PLW Suhvv Fdpeulgjh1
^9` Khlqhpdqq I1 dqg J1 Loolqj +4<<<,/ Vshfxodwlyh Dwwdfnv= Xqltxh
Vxqvsrw Htxloleulxp dqg Wudqvsduhqf|/ Xqlyhuvlw| ri Iudqnixuw/ Zrun0
lqj Sdshu/ Qr1<:1
^:` Nuxjpdq S1 +4<:<,/ D Prgho ri Edodqfh0ri0Sd|phqw Fulvhv/ Mrxuqdo
ri Prqh|/ Fuhglw dqg Edqnlqj/ Yro1 44/ ss1 6440581
^;` Nuxjpdq S1 +4<<9,/ Duh Fxuuhqf| Fulvhv Vhoi0IxooolqjB/lq E1V1
Ehuqdqnh dqg M1M1 Urwhqehuj +hgv1,/ QEHU Pdfurhfrqrplf Dqqxdo/
PLW Suhvv/ Fdpeulgjh1
^<` Lqwhuqdwlrqdo Prqhwdu| Ixqg +4<<<,/ Zruog Hfrqrplf Rxworrn/P d | /
Zdvklqjwrq G1F1
^43` Pruulv V1 dqg K1V1 Vklq +4<<;,/ Xqltxh Htxloleulxp lq d Prgho ri
Vhoi0Ixooolqj Fulvhv/ Dphulfdq Hfrqrplf Uhylhz/ Yro1;;/ ss18;:08<:1
^44` Revwihog P1 +4<;9,/ Udwlrqdo dqg Vhoi0Ixooolqj Edodqfh ri Sd|phqw
Fulvhv/ Dphulfdq Hfrqrplf Uhylhz/ Yro1:9/ ss1:50;41
^45` Revwihog P1 +4<<7,/ Wkh Orjlf ri Fxuuhqf| Fulvhv/ Fdklhuv
Hfrqrpltxhv hw Prqhwdluhv/ Yro176/ ss14;<05461
59^46` Revwihog P1 +4<<9,/ Prghov ri Fxuuhqf| Fulvhv zlwk Vhoi0Ixooolqj Ihd0
wxuhv/ Hxurshdq Hfrqrplf Uhylhz/ Yro173/ ss1436:0437:1
^47` Udghohw V1 dqg M1 Vdfkv +4<<;,/ Wkh Rqvhw ri wkh Hdvw Dvldq Ilqdqfldo
Fulvhv/ Kduydug Lqvwlwxwh iru Lqwhuqdwlrqdo Ghyhorsphqw/ plphr1
^48` Uxelqvwhlq D1 +4<;<,/ Wkh Hohfwurqlf Pdlo Jdph= Vwudwhjlf Ehkdy0
lru Xqghu cDoprvw Frpprq Nqrzohgjh*/ Dphulfdq Hfrqrplf Uhylhz/
Yro1:</ ss16;806<41
5: